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Section A
(Start a new answer sheet.)

Question 1. (15 marks)

Marks
2 3 2
(a) Evaluate f > ax.
0d+X
(b)  Find Icosxsin“x dx . 1
(© Use integration by parts to find 2
[tedt.
(d) ® Find real numbera andb such that 2
1 a b
- =4 .
x(m-2x) x - 2x
(i) Hence find 2
J _
x(m-2x)’
3 2
(e) Evaluate [ (2-|x)ax.
) (i)  Use the substitutiorx = a—tto prove that 2
jo f(x)dx = jo f(a—-x)dx.
(i) Hence evaluate 2

.[02 log, (tanx)dx
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Question 2.(15 marks)

(@)

(b)

(€)

(d)

(e)

(f)

Marks
If z=2+i andw=-1+2i find 2
Im(z-w).
On an Argand diagram shade the region that is satisfied by both the 2
conditions
Re(z) =2 and|z-1<2.
If |4 =2 andargz= 6 determine 3
. [ N [
(i) Z (i) arg Z
If for a complex numbet it is given thatz =z wherez # 0, determine the 2
locus of z.
27 3

A complex numbee is such thatrg(z+2) = g andarg(z-2)= =

Find z, expressing your answer in the foarib wherea andb are real.

The complex numbersg , z, and z, are represented in the complex plane by 3

the pointsP, Q andR respectively. If the line segmeR andPR have the
same length and are perpendicular to one another, prove that:

277 +2 +27=22(2, +z,)
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Section B
(Start a new answer sheet.)

Question 3.(15 marks)

Marks
€) If 2-3i is a zero of the polynomia® + pz+ q wherep andq are real, find 3
the values op andg.
(b) If a, B andy are roots of the equatiox’ + 6x + 1= 0 find the polynomial 2
equation whose roots areG, Sy anday .
: . X+4)°
(© Consider the functiorf (x) = 3 —~ )
()  Show that the curvg = f(x) has a minimum turning point at 5
x = —4and a point of inflexion ak = —6.
(i)  Sketch the graph of = f(x) showing clearly the equations of any 2
asymptotes.
(d) Use mathematical induction to prove that 3

n! > 2" for n> 3 wheren is an integer.
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Question 4(15 marks)

(@) If f(x)=sinx for —77< x < ndraw neat sketches, on separate diagrams, of:

M y=[fe)T

1
(i) y=—"—
Vi
f[“zj

(i)  y*=f(x)

) y=1(/x)

(b) Show that the equation of the tangent to the cul%vey% =a’ atthe point

1

P(xo,yo) on the curve is<xo‘% + yyo‘% =a’.

(© Consider the polynomid®(x) = x> — ax+1. By considering turning points
on the curvey = P(x), prove thatP(x) =0 has three distinct roots if

8
a>5(3j5.
2
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Section C
(Start a new answer booklet)

Question 5(15 marks)
Marks

(a) A particle of masmis thrown vertically upward from the origin with initial
speedV,. The particle is subject to a resistance equalkio wherev is its

speed andt is a positive constant.
Show that until the particle reaches its highest point the equation of 1

(i) v thi
motion is
y=-(kv+g)
wherey is its height andg) is the acceleration due to gravity.
(i)  Prove that the particle reaches its greatest height inTiigieen by 4
KT = Ioge{1+ %} .

If the highest point reached is at a heigrabove the ground prove A
that

(iv)
V, =Hk+gT.
(b) If & and S are roots of the equatiari —2z+2=0
() find a and £ in mod-arg form.

(i)  show thata" + " =~/2"2 .[cos%[]
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Question 6(15 marks)

(@) A group of 20 people is to be seated at a long rectangular table, 10 on each2
side. There are 7 people who wish to sit on one side of the table and 6 people
who wish to sit on the other side. How many seating arrangements are
possible?

(b) The area enclosed by the cur\yars& andy = x’ is rotated about thgaxis 3

through one complete revolution. Use the cylindrical shell method to find the
volume of the solid that is generated.

(© The diagram shows a hemi-spherical
bowl of radiusr. The bowl has been
tilted so that its axis is no longer
vertical, but at an anglé to the
vertical. At this angle it can hold a
volumeV of water.

The vertical line from the cent@
meets the surface of the wateiéat
and meets the bottom of the bowBat
Let P betweenV andB, and leth be
the distanc®©P.

. : _ (' ) 3
()  Explain whyV = [ rsmgﬂ(r h?)ah.
rémr 2
(i)  Hence showV = ?(2 - 3singd +sin® 0).
(d) () Show thatx* +y* > 2x°y*. 2
(i) If P(x,y) is any point on the curve® + y* =1 prove thatOP < 2*, 3

whereO is the origin.
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Section D
(Start a new answer booklet)

Question 7(15 marks)

(@) How many sets of 5 quartets (groups of four musicians) can be formed fromZ2
violinists, 5 viola players, 5 cellists, and 5 pianists if each quartet is to consist
of one player of each instrument?

(b) 0] If t=tand, prove that 2
4t(1-t*
tan 49 = % :
1-6t°+t
(i) If tanftan4d=1 deduce thabt* —-10t> +1=0. 2

(i) Giventhatfd= ﬁ and@= 3n are roots of the equation
10 10 4

tanfdtan4d =1, find the exact value ctfan% )

(c)

Two circles intersect at A and B. A line through A cuts the circlesaidvN. 5
The tangents at Mnd Nintersect at C

()  Prove thatJCMA + OCNA = OMBN .

(i)  Prove M, C, N, B are concyclic.
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Question 8(15 marks)

(@)

(b)

The diagram above shows the graptyeflog,x for 1< x<n+1.

0] By considering the sum of the areas of inner and outer rectangles show
that

In(n!) < Ln+lln X dx < In[(n +1)!]
(i)  Find [ Inxax.

(i) Hence prove that

oo (1)
n!

If a root of the cubic equatiox® +bx? +cx +d = 0 is equal to the reciprocal 3
of another root, prove that

1+bd =c+d?.

This question continues on the next page.
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(© A stone is projected from a pointdd a horizontal plane at an angle of
elevationa and with initial velocity Umetres per second. The stone reaches
a point Ain its trajectory, and at that instant it is moving in a direction
perpendicular to the angle of projection with speed V metres per second.

Air resistance is neglected throughout the motion and g is the acceleration
due to gravity.

If t is the time in seconds at any instant, show that when the stone is at A:
0] V =Ucota

U
gsing

(i) t=

This is the end of the paper.
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STANDARD INTEGRALS

fx”dx:ix“”, nz-1Lx#0,ifn<0
n+1

r

P

r

P

de:Inx,x>O
X

e™dx

1
==—e¥ az0
a

1.
cosaxdx=—sinax, az0

a

) 1
sinaxdx=-—cosax, az0

a

1
sec axdx= —tanax,

a

1
secaxtanaxdx = —secax, az 0
a

1

1

1 1 _ X
ﬁdx:—tanl—, az0
Ja?+x a a
( X
dx=sin'=, a>0, —a<x<a
a’-x° a

ﬁdlen((+\/x2—a2)x>a>0
2 2
JANX —a

————dx=In x+x/x2+a2)
JAX*+a® (

NOTE: Inx=log_x, x>0
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Section A

o 0 [

4+ X

2J:4+x
3 _l(x\
Zi{tan Lzﬂ
:g tan (1)-0]

[

(ii) Icosxsin“xdx=j u‘du [u=sinx]

u5

=—+¢C
5
sin® x
+cC
5

(iii) fqg:dt:fg—j fg'd
=—te’' —I( xl)dt

=—te +j e'dt

=—te'—€'+cC

(d) (l) 1= a(;z—2x)+ bx

1
Xx=0=a=—
T

2a=Db [coefficients of X]

~b=2
V4

(e

SN

1
a=—,
V4

O |25 G

=;Inx—;ln(fr—2x)+c

1. ( x )

:7_r|nL75—2xJ+C




© [ e-hp-2f e Q2| isevr]

=2[ (2- x)ix [Q2-|{=2-xx>0]

=2{2x—£x2}
2 0
2

=3
(f) (I) X=a—-t=dx=-dt

Xx=0=t=a
XxX=a=t=0

Jo 1= [t - )-ar)
_ Ioa fa-t)ct {Q f: f (x)dx:_jba f (x)dx}

= J': f (a—x)dx [Q choice of variable irrelevant |
(i) 1=] In(tanx)ox

= JZ In{tan(%[ - XD dx
= Ifln(cotx)dx

21 = jfln(tanx)dx+ Jfln(cotx)dx

= If[ln(tanx)+ In(cotx)] dx
= jflnldx

=0
~21=0
~1=0

jfln(tan x)dx =0



(2) (a) z=2+i,w=-1+2i
S Z-W=3-i
Im(z— W)= -1

(b)

e

_M_1
4

© 0

2
2

(ii) arg{#] = argi —arg(zz)
:g—Zargz

=Z_20
2

(d) z=Z = zispurely red
Sothelocusis y=0, except x=0.
Alternatively:
Letz=x+iy,(z;t0)
LZ=X—1ly
LZ=Z = X+iy=X—1y
~2y=0=>y=0
- zisapurely real number excluding O



(e) arg(z+ 2)=%,arg(z—2)=2—;[.

zisrepresented by the point C, the intersection of the two rays.

BC = 4co0s60° =2
. ABOC isequilateral
- 7= 20is60° = 1+iv/3

60°
A
Alternatively
BC =4c0s60° =2
CH = 2sin60° =+/3
60° BH = 2cos60° =1
nz=1+ i\/é
()
PRL PQ
s
PR represents z,— z
PQ represents z,— z,
Q
(z-2)=2-2

~i*(e-2) =(@-2)
2@’ -222+2 =2} 222+ 2
£ 22042420 =222+ 222 =22 (3, + 2,)



Fues e (3)

Section B
(a). 3 ' . Chy x4 % &\ = ©
,'Z +[’2'.*',‘-{/. © . Te x| E/ Y apre. the wetx
T (234) 1 & Zero f\% | o Cup v = =l
Cz—z,i)s-\-ﬁz—z,()\a +4, =0 Now, oL {;‘ - 5_%_ - _T};
(2-35)7 = (2=30)" (234) Filarly oy = — l
= —\L/\ )(2“1/‘) aM”\' °<X = ’%_
: F = L= R p ! R %——J— =’>)¢:—é‘
: _"; —46- 9 +(2-34) [’:G[/ =o el 48 2 rola,/l«o wie | ,O_W'l-tru
%ad"'lt'\g rea\ paTS l¢ s - - )
—46 +2p+qco 6 ) *“(’Cﬁ*”l o}
2p +q = 4t — —*{_‘é"ﬂ}*"“?’a‘so
e W= =1=7] 2]
-‘i——3f-o=>3r=~<f ) .
oS Ir_ -3 c :
S/wbd—-’ @ tuto a
Ver kave \
— 6 +:{/;4.é .
= —0

37

A i)*)‘ Wf—(‘?fxw—u .

(L\ 9] = 3( n 4 )L‘ ‘ /[\\ ('—@/%—) Us

: x lso, fl(—4) = 4B () >0
Ay _ = ! =
AX —— ¢ (_"'#.)( ) ‘ (——4—,0) £ a Win {—m—um\j pt
A } = ::—4) )4 #o 2,-—0\)(»'1 1< a Verbeal
X Te T x=-s . . Qs fol e [']
\/‘/ \3,-'-"0 5 v 5

I*3

Rauw w= —a
(~+ o) & a s‘\—z\i'—(a-umr‘a,?h

LAl CAO LS

S TR e
Ax> T 24L X &
= Za '{:zx’:;zx j
= asxy 7<—\—f T
'JL(K)-o, = %= —L. Yy=3
WRew 2= —c, 9’2_13_(342—5 3.
= IE‘Z.(:\’

L=, 5 ol A e
3 (k‘l—+8n+14) =N

P“f—'o-g, hn ,G.(_o_x\o_\/‘ .
—7 =t —5 ) %—9 + o0 X
Lo boripontal asgupborant y=7

Test+ |2<
. i | — o | +




C"{\ LQ_‘\— S'(t\l) Ve Rea f)"b-opo{:h#

(} .
Fha = Ml S2% w3 : Lo
ezt : \
Vo M =4 ™ ! N
4l =24 >?4=(é -7 - \o T
S(4) Vs truw-e—
o 2 SCky |5 +rue . {
Proye— true. for m=kt(. Gi) 4 = g(;\(x{—rﬂ P——
Ck+) !l = Cesd k)
> ko ! ﬂ\'} '
Ckwt) -2 | |
k >3 : they ko >F | !
> 4_,?_K — .___| = _._|_ — y =1
|l | | H
2.2 T
Ny A *
‘ (=T 1) [ -1 (=)
Qw;zsi*lm(ﬂ-). ! | I
Y=g, “TExem [ ;
! ]
'y Yy = Sin %
- L
2 C(*—C""L"),
Ch) 'x'lz—-\.a/—’L'= A-’L" /
(Ul) 9_1, = fun —lz-_—x_yﬁ— —\-‘i‘}—}i j\'—\;i(- =2
e w 5 .
e M xh J
2, = :’: Simoxe "\7( ———7—2_’_ = — —:{—
2y
=Xo = — [_Ye
My o\>< X=>;o = 2=
[ : _Fﬁ/\«a."‘"“"k = +,3,.(,.
Y
) YYo= T (n—7,)
: % L %o + 4L
e £ /v Xo¥ g =y, = Yol T XY™
5 = got)f +'M:;Ej . xo—kjoi C}:‘;+){°"z‘:)
] (x, Yo ) ¢ ow tha cupyg
> | = et et mat
. Aud divide. (o t& Side < ”JL ©
%’ L) n '\?_ oL
0 ?— ° Laa:_. Wz—'eﬂ\/,g‘
: - N - —4 — L
‘: ¥ IR AR
( : :: '
-7 LT
— T2 [+ IZ ‘;(—
re P




(

xs‘_ ax + |\

I

)
P
P )
plUin)y = 2ox’
}#-M—(o—wawa/fa%g v €2
B x* —a =o

TrE—a

x=‘t(‘§=)% i
= S 4 a %
e @ >

Tor x = "(—i:)i— -
y = |+ (E(ET

TFor threg Arvstiue b Vﬁk( v—aoﬂ%,
Fhe turve tute the n—ayis (t'
3 Fo(m+g\
X —3 by — (>0)
A tThe (—pu'-m'u;/ PQ,L‘,{-J arg ouw
+‘A—Q OFPOQITE Sid e 4 J}‘H\Qk— '
= THe product oy Foe bo <o
191 =
[ et ] [O—337]
([ — (Iég'(%_—)t <o ‘
|6 a7 '
1)-57?,

AXs

<o




Section C

qﬂu(z,gf,o»/.s'
(an § 2 = ambh A = (¢ v
Q Mﬁ = = A F o, Y
wy T

.—.lﬂé’ ‘=-—(£JZ);

(n 4@ = %{(Eg_,_ ,.(_k«r+5\
».'M=_Ck\/'+2§ﬂ{/"_

o

frae = = fonregSor

T = f(xw,«ﬁ) o

= L (/ﬁ~(“‘/°"a"3"¢"?)
= —t A, (I'V\_{Q_T;ﬁ')

el )

—
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N ol
T S
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R 7
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Section D

7. (a) How many sets of 5 quartets {groups of four musicians) can be formed from
5 violinists, 5 vicla players, 5 cellists, and 5 pianists if each quartet is to consist
of one player of each instrument?

. X B o gt 5 g8 5 94 e
Solution: — = (8l),
L H
= 1725000

(kY i If ¢t = tan#. prove that

2 tan 28
1 — (tan28)2’

; a
2 % T

Solution: LHS. =

2t 32!

=)
4t(1 —t7)

(1 —12)2 — 442°
4t(1 — %)

1 — 612 + 147

= R.H.S.

ii. If tanftan 48 = 1, deduce that 5% — 10i2 + 1 = 0.

Soluti ; at(1 —3) |

S OIELO . | — ,

: 162+ 10 -
42 — 4t = 1 — 6t 14,

5t — 102 +1 = 0.

iy 3w
iii. Given that # = ﬁ and 8 = I_EI are roots of the equation tané# tand4f = 1,

find the exact value of tan %

z : : . 10 4 4/ 100 — 20
Solution: Using the quadratie formula, £ = "'T
5+2,/5
|
i = (56 as tan —, tan LS 0
=Ty gt -
T T m [h— .-"I'F
Now, as tan — < tan —, tan — = {/ —tm.
10 o o VT




(a)

Two circles intersect at 4 and B.
A A line through A cuts the circles
! b at M and N. The tangents at M

and N intersect at ',

i. Prove that ZJOMA+ AONA=MBEN.

Solution: Join AB.
LOMA = LZMBA (angle in alternate segment),
LONA = ZABN (angle in alternate segment),
S LOMA+ LCONA = AMBA+ ZABN,
ZMEN.

ii. Prove M, C', N, B are concyclic.

Solution: ZOCMA+ LACONA+ AMON = 1807 (angle sum of ACMN),
;. LMBN 4+ ZMCN = 180°.
S0 MONE is a cyclic quadrilateral (opposite angles supplementary).

f f = T
/ 2 4 n n+1l

!
The diagram above shows the graph of y =log, r for 1 < r < n+ 1.

i. By considering the sum of the areas of inner and outer rectangles,
show that

w1
In(n!) < [ Inzdr < In{{n+ 1))
J1



Solution: Sum inner rectangles = E lnz =1,

=
= Inl+mm2+mn3+---+1Inn,
= Ilnn!
n+l1
Sum outer rectangles = Z Inz = 1, or Zlnu: + 1) x 1,
=2
= 1117+1113+111-1+ -4 In(n + 1),
= In(n+ 1!

nt1
Inn! < / Inzrdr < In(n + 1)!
J1

ii. Find f;H-l Inxdr.

Solution: 1= Irm' Inz x 1dz, u=lher =1
= [ 1111]””"'1 fM"H dr, S 1 i
= L'-'1+L'111L??+1'—'3—[1 el i

=(n+1l)lnin+1)—i(n+1-1),
= n+1lnn+1) —n

iii. Hence prove that
(n+1)"

n!

E:ﬁ- -

Solution: From i, In(n+ 1)! = fﬁH Inrdx.

In(n+1)! = In(n+1)**' —n.

(n+ 1)+t
(n+ 1)~

(n+1)"

nl

(m+1)"

n!

n>=In

= In

=L =

(b) If a oot of the cubic equation * + b2 + cx + d = 0 is equal to the reciproeal
of another root, prove that
1+ bd =+ d

a . 1
Solution: Let the roots be o, = .
T'-.Ivt]llml 1:
X —x 3= —d,

o

B = —d.
Substitute in the equation for the root 3:




—d® +bd? —cd+d = D,
cd +d® = bd? +d.
Divide by d (d £ 07,
c+d? = bd + 1.
Method 2:

o+ =+ 0= —b,
K

1+af+==c
x

8= —d.
1
,a+E—.:i_—.b...LTJ
— TV — -—— ~ ]
1—ad = L...ll;l

l1—c= dla+ =),
o

: 1 l—¢

1. L'E+H— B
sSub. in |II: ;E—d= —b,
1—g—=id%= =hl,

ie, 1+bd= c+ d°

(c) A stone is projected from a point O on a horizontal plane at an angle of elevation
o and with initial veloeity [V metres per second. The stone reaches a point A
in its trajectory, and at that instant it is moving in a direction perpendicular to
the angle of projection with speed V" metres per second.

Air resistance is neglected throughout the motion and g is the aceceleration due
to gravity.

If ¢ is the time in seconds at any instant, show that when the stone is at A:
i V=Ucota

Solution:




#=0 i= —g
= Ucosa = Usina — gt
At A, Ucosa = Vsina,

ie, V=TUcota

L."

i, = =—
g En o

Solution: At A, y = —V cosa (now heading downwards),
ie, —Uecota xcosex = Usina — gt.
COS O

gt = Usina + 7 LGOS i,

sin e
17 sin® av + cos? ct-)

s e

gsina
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